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1 The Monodromy Theorem and Application to Linear ODE

1.1 The monodromy theorem

Last time, we introduced the notion of analytic continuation. If ¢ € X, and f, € O, then
an analytic continuation along some curve 7 : [0,1] — X is a lift 4 to the sheaf of germs
such that for all ¢ € [0,1], () = fyt) € O4(), and t = f) is continuous.
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That is, for all to € [0, 1], there is a neighborhood Iy, C [0, 1] of to and an open set w C X
such that v(I;,) C w, and f € Hol(w): fy ) = fy) for all t € Iy,

Theorem 1.1 (monodromy theorem). Let X be a Riemann surface, let a,b € X, and let
70,71 be homotopic curves from a to b. Let f, € O4. Let H(t,s) be a homotopy between o
and 1, and assume that fq has an analytic continuation 45 along vs(t) = H(t,s) for all s.
Then s+ vs(1) € Oy are equal for all s. In particular, (1) = F1(1).

Proof. Apply the homotopy lifting theorem to the local homeomorphism p: Ox — X. 0O

Corollary 1.1. Let X be a simply connected Riemann surface, and leta € X. Let f, € O,.
be a holomorphic germ which can be continued along any curve starting at a. Then there
exists a unique globally defined holomorphic function F € Hol(X) such that Fy, = f, in O,.

Proof. When = € X, let v be a path from a to x, and let f, € O, be the analytic
continuation of f, along v (f, is independent of the choice of ). Define F(z) = fy(x). O



1.2 Linear ODE in the complex domain

Here is the historical origin of the idea of monodromy. This will be a good example of the
applications of our theory.

Proposition 1.1. Let Q C C be open, and let A € Hol(2, Mat,,x,,(C)). Let Q be simply
connected. Then for all zg € Q and xg € C™, then Cauchy problem

P(z) = AR)e(2),  2(z0) = 70
has a unique solution (=) € Hol(Q,C™)
Proof. (idea) Write
2(2) = w0+ L AQ)(¢) de,

20,2

and solve the integral equation by Picard’s iterations. O

Assume now that Q = {0 < |z| < 1} is not simply connected. We have the covering
map e : {Re(¢) <0} — {0 < |z| < 1}, and we can lift the ODE to {Re(¢) < 0}. If we let
y(¢) = z(e%), then

Y(Q) = e A(e) y(¢).
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We argue more directly: Let w C Q be a small, simply connected neighborhood of zy €
{0 < |z| < 1}, and let V(w) = {z(z2) € Hol(w,C") : 2/(z) = A(z)z(z) in w}. This
is an n-dimensional vector space. We can continue elements of V(w) analytically: let
' ={z € o < arg(z) < f} witha <0, > m, and I'y O w. Then V(I'1) is the set
of solutions to the ODE in I';. We have the extension map E : V(w) — V(I'1). We then
restrict to a domain w’ on the other side of the disc, extend to another sector I's, and
restrict to w. We get a linear bijective map S : V(w) — V(w) called the monodromy
map of this ODE.

Let 21,...,2, be a basis for V(w), and let F(z) = [z1(2) -+ x,(2)] be the funda-
mental matrix with columns x;. Write

Szj(z) = Z Sk,jTr(2).
k

If we denote z1(2e*™) = Sz;(2), we get
F(2e™) = F(2)A

for 2 € w. We claim that there exists a matrix C' such that F(z) = Q(2)z% in w, where
Q(z) € Hol(0 < |z| < 1) and 2¢ = ¢C18(*), To get the claim, we write S = e?miC' and
check that Q(z) satisfies Q(ze?™) = Q(2).



1.3 Analytic continuation to larger Riemann surfaces

Let X be a Riemann surface, and let ¢ € O, for some a € X. We would like to construct
a new Riemann surface which arises by analytic continuation of ¢.

Definition 1.1. An analytic continuation of ¢ is given by (Y,p, f,b), where Y is a
Riemann surface, p : ¥ — X is holomorphic with no ramification points, f € Hol(Y),
bep(a), and f, = p*(p). Here, p* is the pullback map p*(p) = ¢ o p.
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